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Two formue of an elementary formal language are covalid it whe­
never one of them is true under all valuations compatible (i. e. agreeable on 
the common basic symbols) with a given valuation of the other formula, 
this other formula is true under that given valuation. This definition corrects 
the definition in Belt und Machover p. 98. Our definition of cosatisfiability 
agrees with that in Bell and Machover pp. 97-98: Two formulae are cosatis- 
fiable if whenever one of them is true under some valution, there exists 
a compatible valution under which the other formula is true too. It is 
shown that neither does covalidity imply cosatisfiability nor does cosatisfi­
ability imply covalidity.

These semantic relations are studied in comparison with the semantic 
properties of validity and satisfiability. Any two formule which are both 
logically valid or both are contradictions, are also covaltd and cosatisfiab- 
le; but there are covalid or cosalisfiable formulae which are neither valid 
nor contradictory.

Special cases are considered in which covalidity and cosatisf lability 
reduce to:

(i) bipartitions of the set of all formulae into valid and non-valid for­
mulae and into contradictory and non-conctradictory formulae, respec­
tively;

(ii) logical equivalence relation;
(iii) vatidivalence and satisfivalence relations (our terms) or (in a somewhat 

narrower sense) V-form (validity form) and S-form (satisfiability form) 
respectively (in terms of Beli and Machover).
We end the paper by briefly noting that what wc have setforth con­

stitutes a framework for the study of Herbrand and Skolem forms, and the 
problem of rearranging quantifiers in a given formula.

1. V a l i d i t y  a n d  s a t i s f i a b i l i t y

W e  shall be con cern ed  w ith  fo rm u lae  o f  an elem entary fo rm a l language, the 
a lphabet o f  w h ich  consists o f  in d iv idu a l variab les, fu n ction  sym bols , p red ica te  
sym bols  and p ro p os it ion  sym bo ls , plus con nectives and quantifiers  (as log ica l 
constants), w ith  th e  usual zero  and f ir s t  degree  fo rm a tion  ru les fo r  term s and fo r ­
m ulae. F o r  any fo rm u la  (p, </”  denotes th e  va lu e  o f  the m ap p in g  a  induced  by an 
app rop ria te  va luation , accord in g  to  T a rsk i's  basic semantic defin ition , i. e. f  e  
6 ( t , h}. (C f .  e. g. B e ll and M a ch o v e r  p . 51).

E ach  form u la  be longs  to  on e o f  the sets in the tr ip a rtition  o f  th e  set o f  all 
fo rm u lae , |: the set o f  log ica lly  va lid  form u lae  (va lid , fo r  sh ort), the set o f  con ­
trad ic to ry  form u lae , and the set o f  fo rm u lae  w h ich  are neither va lid  n o r  con tra­
d ic to ry . F o r  th e  sake o f  con ven ien ce, w e  shall denote  these sets b y  [/V ], [V\ ], 

resp ec tive ly , and th e ir  com p lem en ts b y  [ V ] ,  [ V ] ,  [VJ  resp ec tive ly . T h u s  
w e  h ave  th e  fo llo w in g  f ie ld  (B oo lean  a lgebra ) o f  sets. (T h is  f ie ld  is pa rtia lly  o rd ered  
b y  set-in c lu s ion ; com p lem en ta tion  is ind icated  b y  d o tted  lines.)
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I

T h e r e  is an im portan t sem antic p roperty  o f  form u lae, b e lo n g in g  to  any g iven  
one o f  these sets, w h ich  w e  shall denote  by p re fix in g  fo rm u lae  w ith  the corres­
p on d in g  set sym bol (o m itt in g  [,  ] ) .  T h u s :

A  (p i f  f a ■= T  fo r  a ll a,

\£tp i f  tp° -- T fo r  some a ;

d\ (p i f  f °  ~ l fo r  a ll a,

V  <P i f  " : 1 tor some a ;

h < p if< p a[ — 1 fo r  som e a,

V  (p i f  — L fo r  all tr, or

and  9?°j = ' L. fo r  som e a 2,

<jc°j -■ T  fo r  all rr,.

S ince in  log ic  truth has a de fin ite  p r io r ity  b e fo re  fa lsehood , the first tw o  p ro ­
perties are especia lly  designa ted ; they define the standard n o tion s  o f  v a lid ity  (c o m ­
m on ly  denoted  by j ip (an d  satisfiability  respectively . O b v iou s ly , the notions o f  
con trad iction  and re fu tab ility  cou ld  have been defined  b y  th e  fo llo w in g  schem es, 
w h ich  actually p ro v id e  these notions th eir log ica l im portance. (D o u b le - lin e  stands 
lb r i f f . )

B y  the w ay  w e observe

A  ?  ■ A /  V
/ V 1 ’  \£ 1  f  •

A ?

A  1 <P
and

V y

Vi T '

2. S e m i c o v a l i d i t y  a n d  s e m i c o s a t i s f i a b i l i t y

N o w  w e turn to an investiga tion  o f  b inary semantic re lations  naturally  rela ted  
to the sem antic properties  just expounded. F o r  any form u la  <p le t d en ote  the 
set o f  basic sym bols in <p, (th e «language« o f  <p), o ther than log ica l constants (i.  e.
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con nectors  and qu an tifiers ). H en ce fo r t  w e  adop t the con ven tion  that a  evaluates 
(p and r  evaluates f .  W e  shall say that a  and  r  are com patib le  w . r. t. 2 \  an d  2 '^  
i f  th ey  agree on n  2 ^  (c f. B e ll and M a ch o v e r  p . 97 ). B y d e fin ition , com p a ti­
b ility  is a sym m etric  re la tion , bu t it is not tra n s itive ; fo r  it  m ay  b e  the case that 
each o f  th e  th ree  sets -2% n  2 ^, 2 ^ n  2 X, 2 V n  2 y is  n o t em p ty , and y e t  no 
tw o  o f  th em  have n on -em p ty  in tersections.

T h e  d e fin ition s  o f  the sem antic rela tions announced are :
<p /V i/> i f  w h en eve r  f a — y  fo r  all a com p atib le  w ith  r ,

also y>T — T  5 

rp \p xp i f  w h en ever 9” =  T  >

also y>~ =  t  fo r  som e r  com patib le  w ith  o ;

<p f  i f  w h en ever  <pn —  _L fo r  all a  com patib le  w ith  r ,  

a ls o v T =  -L,
<p\j y> i f  w h en ever <pn -■= J ,

also y>~ —  ±  fo r  som e r  com p a tib le  w ith  a\

<p a  V  i f  w h en ever  tp°, =  y  a n d 9?< »j=  j_ ,

also ----- y  fo r  som e r ,  com patib le  w ith  <r, 

and yt~2 =  .L fo r  som e r 2 com patib le  w ith  a 2;

9? V  y  i f  w h en ever <p° i — y  fo r  all o ,  com p atib le  w ith  r t 

or 9?r,i  =  J_ fo r  all a 2 com p atib le  w ith  r 2, 

also y>~i =  T  or y>t2 — J ..

T h e  first o f  these relations w e  ca ll sem icova lid ity , th e second sem icosatisfiability.

L e t  ( q r r )  stand fo r  any o f  the ab ove  re la tion  signs, ( q n )  fo r  th e  . resu lt o f  

tu rn in g  < o rr> u ps id e-dow n , and <o s i )  fo r  the resu lt o f  tu rn in g  ( g  n )  le fts id e - 

-r igh t. E . g. i f  \q n)> is then  .t > is V-> <Q r r )  is 7\, and ;r> is V . B y  m eans 
o f  s tra igh tfo rw ard  check ing, using  defin ition s, w e  estab lish :

n 9 <Q 71 > V <p<Q7tyy> <p ( qji>y>

1 9  <0 n }  1 V  V <(? 9  1 V <0 Jr) "1
T h is  is illustrated  b y  the fo llo w in g  ^equ iva lence square«.
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F u rth erm ore , none o f  th e  relations f t ,  Vfc, 7\, V  im p lies  (in  gen era l) any 
o f  th e  rem ain in g  th ree. T h is  can be p roved  b y  m eans o f  coun terexam p les fo r

V  ̂ and ji'> distinct.
9<Q” >y
S in ce it  is a con sequ en ce  o f  (1 ) that each o f  \p, i\ , can b e  d e fin ed  in  term s o f  
f t ,  w e  need  o n ly  find  counterexam ples fo r

y ftV  9  f t  y 9 fty  
1 9 f t l  9 ’ V> ft 9 1 V ft 1 9

Here they are (p and q are propositional variables): p ft p V q holds, but 1 p ft 
f t  1 P A 1 9 does not; p A 9 A p V q holds, but p V q ftp  A  q does not; 

P V q ft p holds, but 1 p /V 1 p A 1 ? does not.
Similarly, P A P  A ?  holds, but p A q A P does not, is a counterexample 

for

9  A W
-- , w h ich  is equ iva len t to y a v > 

v A y '
A lso , a  and V  are d istinct fro m  the prev iou s fou r relations, f o r  th ey  satisfy

y a v > y V y
1 y A 1 V ’ 1 y V  1 9

W e  cou ld  p roceed  w ith  fu rth er exam inations o f  the p rop erties  o f  these *one- 
w a y « relations, e. g. b y  analysing the sets {9 : <p ( q n} y) an d  {y :y  ( q n ) y], 

but shall rather sw itch  o ve r  to  th e  log ica lly  m o re  im portan t » tw o -w a y «  relations 
re fe rred  to  in the t it le  o f  the paper.

3. Covalidity and cosatisfiability

<p and y are covalid, 9 ft—A y, if y ft y and y ft 9 ;
<p and y are cosatisfiable, 9 \M/ y, if 9 y and y \p 9 .

Our notion of cosatisfiability coincides with that in Bell and Machover pp. 
97—98, while our notion of covalidity differs essentially from the one in Bell and 
Machover p. 98, and is probably what the authors of this book had in mind. What 
they said is:

»We shall say that a and a' are co-valid if whenever a and a' are a compatible 
^-valuation and ^'-valuation respectively, then cr \— a iff cr' |~ a'«
The statement foollowing this definition, in our notation,

(2) y /W\ y
1 y V=V 1 y

is true for our definition but not for theirs. Counterexample: 1 p V=V 1 p A 
A 1 5 but for p° =  pT =  ±, <7T =  t  ; 1/ p and yet r |— p V q, although 0
and t  are compatible. To the contrary, by (1),

q>fty y f ty
1 y \£ 1 9 1 y \p 1 y



V. MUŠKARDIN: COVALIDITY AND COSATISFIABILITY RFFZd, 23 (10) (1983/84)

p ro v e  (2 ).

N o te  that, s ince (aga in  b y  (1 ) )

y y  y & y y y  

y V* y & y \A y y y & y A  y

w e  need  n o t in trodu ce  n ew  sym bols  fo r  cocon trad iction  and core fu tab ility . 

T h e  fo llo w in g  schem es ju s tify  th e  nam es cova lid ity  and cosatis fiab ility .

(i) y A=A y y \M/ y _
/Vyiff /Yy ’ Yfcyiffy:y

I t  is in  fa c t su ffic ien t to  p ro ve  second  schem e, fo r  it  y ie ld s  the firs t schem e. In d eed ,

____ y /W\ y___

1 y V=V 1 y 
1 y iff y  1 y 

non y iff non /Y y 
/Vy iff /’ey

by (2),
b y  (3 ) —  2nd schem e, 

b y  defin ition s, 

b y  con traposition .

A ssu m e y  V = V  y .  I f  Vt y  i. e. y °  =  j  to r  som e cr, then  b y  the assum ption  also 
y T =  T fo r  som e r  (com p a tib le  w ith  cr) i. e. vt y. A n d  vice versa. T h u s  (3 ) is p roved .

H o w e v e r ,  the converse o f  (3 ) is false. N e ith e r  p  nor p  A  q  are v a lid ;  hence 
/Y/> i f f  N -p  A q  holds, bu t p  fe=f\ P  A q does not. B oth  p  and p  V q are sa- 

tis fiab le , h en ce  p  i f f  \f p  V q ho lds, bu t p  \M/ p  V q does not.

H e re o n  w e  can m ake som e fu rth er conclusions. Tw o satisfable fo rm u la e  need 
not be cosatisfiable, as illustrated  b y  th e  last exam p le above. O n  th e  con trary , every  
two v a lid  fo rm u la e  are cova lid . But, th ere  are cova lid  form u lae  w h ich  are n o t va lid , 
e. g. p and p  V  q. N o t ic e  that

(4 )  p  A = A  p  V q and p  V=V p  A q

do ho ld . T h u s  w e  have just sh ow n  that neither does cova lid ity  im p ly  cosatisfiability , 
n or does cosatisfiability  im p ly  cova lid ity  : p  and  p  V q are cova lid  bu t n o t cosatis­
fia b le ; p  and p  A  q are cosatisfiab le bu t n o t cova lid . T o  sum  u p : w h en ever  y ,  y  g 
e  [ /V] or y ,  y  e  [^ \ ], then <p /\=A y a n d y  V = V  y ;a ls o ,  y  y  o r  y  V = V  y
fo r  som e, bu t no t all, y ,  y  e  [ ^ ] .

R e la tion s  (4 ), also ind icate  that fo r  each fo rm u la  there exist a cova lid  form u la  
and a cosatis fiab le, form u la , ne ither o f  w h ich  is log ica lly  equ iva len t to  it. (T h is  
is the th eo rem  10.5 o f  B e ll and M a ch o v e r, p . 99, b u t ou r p ro o f  is m u ch  s im p ler, 
fo r  theirs u tilises quantifiers ). In d eed , fo r  any fo rm u la  y  and any p ropos ition a l 
va r iab le  p  n o t occu rrin g  in  y ,  w e  h ave  y  /\=A y  V p  and y  \f=y  y  A  p- O f  
course, y  A = A  y  and y  V = V  y .

A t  this p o in t w e  adapt our rem ark  con cern in g  fu rth er exam inations o f  p ro p er­
ties o f  th e  e lations /V, Vt to  th e  rea ltions A = A  > V = V  > thus p ro p os in g  that 
th e  sets { y : y  / W \  y } ,  { y : y  V = V  y }  are w o rth y  o f  studying. F o r  exam ple, 
b y  (3 ) it  fo llo w s  im m ed ia te ly  that

y  A = A  y j  and y  A = A  y 2 , y  V = V  y j , a n d y  V = V  y 2
- ■  . .  — as  and = —

f c y > l i f f  fe ip 2 Vty, iff y2
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4. V a l i d i v a l e n c c  a n d  s a t i s f i v a l e n c e

So fa r w e  had in m in d  a general case that

i f »  n  i f *  +  0 ,

bu t also a llow in g  the possib ility  that

i f »  n  i f *  =  t f.

Besides, th ere  is the oppos ite  extrem e case, nam ely

i f »  =  i f * .

A s  w ill be  seen , these tw o  cases w il l  g iv e  us w h at on e  cou ld  ca ll standard situations. 
T h e  m ost in teresting, in  ou r con text, p roves  to  b e  th e  case

i f ,  £  i f *  o r  i f *  £  i f » .

B ea rin g  in  m in d  that a  evaluates <p and r  evaluates y>, w e  discuss each o f  these 
cases.

i f „  n  i f *  =  4>.

W h e n  th is is the case, every  tw o  valuations a and  r  are com patib le . H en ce , 
b y  the app rop ria te  d e fin ition s :

<p A 1 V  iff, /V <p im p lies  f e  ip, 

y  y> iff, <p im p lies  y

(5 ) <p A = A  y i f f ,  /VV>

<p V=V  V  y  V y  V-

I f  w e  extend  (5 ),  as defin ition , to  a ll fo rm u lae , /V <p i f f  /Vy> defines th e  b i­
p a rtition  o f  the set | o f  a ll fo rm u lae  in to  th e  set o f  va lid  fo rm u lae  and its com p le ­
m en t, w h ile  V  <p i f f  y  y> defines the b ipa rtition  o f  | in to  th e  set o f  con tradictions
and its complement.

•g, =  -gy

In  th is case a  and  r  are com patib le  on ly  i f  th ey  are id en tica l ( o f  course, re - 
a tive  to  i f » ,  or id en tica lly , to  i f * ) .  H en ce ,

<p A -y > if(< p }— y>iff<p\{:y ),

(6) <p A=A f  iff <p |=| V iff 9  V=V V-

H ere , as e lsew here, |—  denotes the standard rela tion  o f  log ica l im p lica tion , and |— | 
denotes the standard re la tion  o f  log ica l equivalence.

W h en  exten ded  to  a ll form u lae, (6 ) reads:

<p |=| y) i f f  <p<* —  y>“ , co on  i f ,  u  i f * ,  

i f »  £  i f *  o r  i f *  £  i f » .

In  th e  fo rm er  case com p atib ility  m eans that cr is the reduction  o f  r  ( i t  is un ique 
w . r. t. i f »  =  i f »  n  i f * ) ,  w h ile  in  the latter case com p a tib ility  m eans that a  is 
an expansion  o f  r  (n o t  un iqu e w. r. t. i f »  =  i f »  u  i f * ) .  A n  app lication  o f  the 
appropria te  defin itions to  the situation i f »  £  i f *  y ie ld s :
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(7 )

(p /V y> i f f  <p ip, 1/' v t  <p i f f  V  I—  <pi 

<p A = A  v» i f f  <p |~  v  and ip /V <p,

\M / V  i f f  (p \fi ip and  ip |~  <p. 

A n a logou s ly , fo r  the s ituation  -Sfj, £  i f , ,  w e  h a ve :

(8)

f  f e  q> iffy; | ~  rp, 7? Vt y  iff 991—  ip ;

9? A=A f  iff 9> V and V’ I— <P>

<p V=V y iff <p ip and ip rp.

O f  course, in  (7 )  w e  understand that valuations r  are app lied  to  bo th  form u lae  
b ea rin g  th e  re la tion  |— , w h ile  in  (8 ) valuations <r p lay  th is role.

In order to  d istingu ish  these cases, w e  in trodu ce  n ew  sym bols . Instead  o f  
rp A=A V and 95 V=y ip we w rite

(9)
rp tA  ip and <p i&ip resP- >n case (7 ) j  

<p M  ip and rp\sjip  resp. in  case (8 ).

I n  e ith er case, i f  tw o  form u lae , w h ose sets o f  basic  sym bols  are com parable, i. e. 
in c lu s ive ly  re la ted , are cova lid  (cosatis fiab le ), th en  the form u la  w ith  the sm aller 
(la rg e r ) set o f  basic  sym bols  lo g ica lly  im p lies  th e  form u la  w ith  the la rger (sm a ller ) 
set o f  basic sym bols .

A c c o rd in g  to  th e  te rm in o log y  o f  B e ll  and M a ch o v e r  p. 94, fo r  any form u la  
rp, a fo rm u la  y> ( ^  2  JSf9)  s. t. rp t=A f  is a V -fo rm  (v a lid ity  f o r m )  f o r  rp; a form u la  
X (.S fx 2  -Sf?) s. t. cp\p\ x  ’ s an S -fo rm  (sa tis fia b ility  f o r m )  f o r  <p. (V - fo rm s  and 
S -fo rm s  are n o t u n iqu e ly  d e term in ed  b y  a g iven  form u la ). '

W e  shall ex ten d  (7 ) and (8 ) w ith  sym b o lism  (9 )  to  a ll fo rm u lae , thus ob ta i­
n in g  th e  d e fin ition s :

( 10)
(p I9\ ip i f  <p |z: ip and ip /V <p, 

rp \fi ip i f  tp ip and ip |—  <p,

fo r  any rp, ip. In  analogy w ith  |=| b e in g  ca lled  equivalence re la tion , w e  shall call 
FA va lid iva lence  re la tion  and Vt) satisfivalence rela tion .

T r iv ia l ly ,

f  FAV’
yva y>
v  |̂| <p'

E q u a lly  tr iv ia lly ,

<PK \V  <pW  ip
■ ; •• and - =

V  =  V  V  =  V
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Naturally, all results on covalidity and cosatisfiability apply to validivalencc 
and satisfivalence. In particular, cp'tfKy V p and <p\ft <p A p- As an illustration 
that there are essentially different ways of obtaining V-forms and S-forms (by 
means of quantifiers instead of by means of connectors), we state

(11) V x a kA a (x/c) and 3 x o\t)a(t/c),

where a (x/c) is the formula resulting from the uniform substitution of a new (not 
occuring in a) individual constant c for free occurrences of the individual variable 
x in a.

5. On Hcrbrand and Skolem forms

The investigations discussed in this paper constitute a framework for study­
ing various kinds of validity forms and satisfiability forms for a given formula; 
especially the so called functional and predicative forms, and in particular Herbrand 
and Skolem forms. (In Bell and Machover pp. 94— 97, Herbrand forms are also 
called Skolem forms).

In most textbooks the introduction of Herbrand or/and Skolem forms suc­
ceeds the introduction of the prenex form (cf. Bell and Machover p. 93), all this 
being in connection with rearranging the quantifiers in a given formula. A for­
mula without quantifiers is usually called a matrix. For any (quantificational) 
formula we can construct its prenex form and its Herbrand or/and Skolem forms, 
(none of these forms is uniquely determined by the formula). In the prenex form 
quantifiers are separated from the matrix, and prefixed to the matrix. In Her­
brand and Skolem forms existential and universal quantifiers in the prefix are 
separated, such that either all existential precede all universal (if any), or all uni­
versal precede all existential (if any) quantifiers. But, while the formula and its 
prenex form are equivalent, and this is usually made clear, the formula and its 
Herbrand or Skolem form are only validivalent or satisfivalent, and this is often 
not clearly indicated, (thus causing misunderstanding in the tsudent's mind). In 
our example (11) the formula a (x/c) is a Herbrand form for V x a and a Skolem 
form for 3 x a, but neither a (x/c) |— V x a nor 3 x a |— a (x/c).

Ultimately, we call for advice on results and references concerning various 
rearrangements of quantifiers in a formula. We know that in a prenex normal 
form, though not unique, the status (i. e. V or 3) of each quantifier of a given 
formula is uniquely determined. How far can we get in separating V ’s and 3’s 
by means of-forms logically equivalent to the given formula? Under which con­
ditions are (certain levels of) separations or reordering of quantifiers possible? 
Arc Herbrand and Skolem forms the optimal general results in this direction?



V. M UŠKARD IN : C O V ALID ITY  AND C O SA TISF IA B IL ITY  RFFZd, 25 (10) (iyöJ/84)

R e f e r e n c e

J. L. B e l l  and M. M a c h o v c r ,  A Course in Mathematical Logic, North- 
Holland, Amsterdam, 1977.

Virgilio Muškardin: SU VALJANOST I SUZADOVOLJIVOST  

Saž e t ak

Dvije formule elementarnog formalnog jezika su suvaljane ako istinitost 
bilo koje od njih za sve valuacije suglasne (za zajedničke osnovne simbole) s 
danom valuacijom druge formule povlači istinitost ove formule za danu valu- 
aciju. Ova definicija ispravlja definiciju iz Bell and Machover str. 98. Naša defini­
cija suzadovoljivosti slaže se s onom u Bell and Machover str. 97-98: Dvije formule 
su suzadovoljive ako istinitost bilo koje od njih za neku valuaciju povlači postoja­
nje suglasne valuacije za koju je ona druga formula istinita. Pokazuje se da niti 
šuvaljanost ne implicira suzadovoljivost, niti suzadovoljivost ne implicira, štiva~ 
ljanost.

Ovi semantički odnosi proučavaju se u usporedbi sa semantičkim svojstvima 
valjanosti i zadovoljivusti. Bilo koje dvije formule koje su obje logički valjane 
ili su obje protuslovne su također suvaljane i suzadovoljive, ali postoje suva­
ljane ili suzadovoljive formule koje nisu ni valjane ni protuslovne.

Razmatrani su posebni slučajevi, u kojima se suvaljanost i suzadovoljivost 
svode na:

(i) hipartacije skupa Svih formula na valjane i nevaljane odnosno na protu­
slovne i neprotuslovne formule;

(ii) relaciju logičke ekvivalencije;
(iii) relacije validivalencije i satisjivalencije (naši nazivi) ili (u ponešto užem 

smislu) V-jorme (forme valjanosti) i S-forme (forme zadovoljivosti) res- 
pektivno (u terminologiji Bell and Machover).
Primjedbom da je sve izloženo osnovni okvir za izučavanje Herbrandovih i 

Skolemovih formi, te nadovezanim problemom preuređivanja kvantifikatora u 
nekoj danoj formuli, završava članak.


